CHAPTEHR

11

Differentiatio
transcendental func

f

11.1 Differentiation of &*

In this section we investigate the derivative of functions of the form f(x) = a*. It is found that

the number e, Euler’s number, has the special property that /'(x) = f(x) where f(x) = e*.
Let f:R — R, f(x)=2*
To find the derivative of f(x) we recall that:

SO +h)— f(x)

['x) = lim

h
2x+h ¥
= lim
h—0 h
h_
=2"lim
h—0
=2"1(0)
0+h __ 20
A calculator can be used to see f'(0) = ;in% — ~ 0.693. This is done by entering

Y, = (2"X — 1)/X and considering values of the function for X — 0.

Thus f'(x) =~ 0.693 f7(0)

Letg: R — R, g(x) = 3*. Then as above for /it may be shown that g’(x) = 3*g’(0)

It can be shown that g’(0) &~ 1.0986 and hence g’'(x) = 3*g’(0) ~ 1.0986 x 3*. The
question arises of the existence of a number, b, between 2 and 3 such that if
h(x)=b",h'(x) =b",ie h'(0) =1
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Chapter 11 — Differentiation of transcendental functions 403

h

for various values of b between 2 and 3

By using a calculator the limit as # — 0 of
can be investigated.

This investigation is continued through the spreadsheet shown below. Start by taking values
for b between 2.71 and 2.72 (column A) and finding f”(0) for these values (column B). From
these results it may be seen that the required value of b lies between 2.718 and 2.719; in
columns D and E the investigation is continued in a similar way with values between 2.718 and
2.719. From this the required value of b is seen to lie between 2.7182 and 2.7183.

A B C D E

1 | 0.00000001 | is the value of 4

2 1'(0) 1'(0)

3 12710 0.996948635 2.7180 | 0.99989632129649
4 |2.711 0.997317584 2.7181 | 0.99993311408753
512712 0.997686378 2.7182 | 0.99996990687856
6 | 2.713 0:998055039 2.7183 | 1.00000669966950
7 12714 0.998423566 2.7184 | 1.00004347025610
8 |2.715 0998791960 2.7185 | 1.00008026304720
9 |2.716 0.999160221 2.7186 | 1.00011705583820
10 | 2.717 0.999528327 2.7187 | 1.00019061921580
112718 0.999896321 2.7188 | 1.00022738980240
12 | 2.719 1.000264160 2.7189 | 1.00022738980240
13 | 2.720 1.000631888 2.7190 | 1.00026416038900

The value of 4 is in fact e, Euler’s number, which was introduced in previous work. Our

results can be recorded:

for f(x) =¢", f'(x) =¢"

Consider y = " where k € R. The chain rule is used to find the derivative.
Letu = kx. Then y = &

. . dy dy du
The ch 1 Ids = = = . =
e chain rule yie sdx 9 Ix
— 'k
= kel

For f(x) = e,k € R, f'(x) = ke
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404 Essential Mathematical Methods 3 & 4 CAS

The graph illustrates the effect of Y
multiplying x by 2. 2.00
The gradient of y = ¢* at P(1, e)
is e and the gradient of y = ¢** at 6.00 = ex

O(1, e?) is 2¢2.

4.00

P (1,2.72)

2.00

~1.00 —050 0| 050 1.00 1.50 2.00" 2.50

- [Eemi

Find the derivative of each of the following with respect to x: {

a eSx b e—2x C er—H d ex2 e — 4 e3x
22
Solution
3 dy 3x -2 dy —2x
a Lety=exd—=3e b Lety=e "d—=—2e
X X
¢ Let y=e>*! d Let y= e~
Then y = ¢** -e Let u =x?
= e-e** (index laws) Then y = ¢" and the chain rule yields:
dy ) dy dy du
== =2e-e” N A )
dx - dx du dx e
= De x2
= 2xe
e Lety=e 2 fe
1
(Note: — = ezx>
er
d
Then d_y = —2¢ ¥ 4 3¢
X
Differentiate each of the following with respect to x:
ex
X 2 x
ae(2x +1) m c eWx —1
Solution
a  We use the product rule: b We use the quotient rule:
X
Let y = e"(2x2 +1) Lety = ———
Y X 2 X er +1
Then 5 =e (2)(7 + 1)+4xe Then d_y _ (e2x + 1)ex _ 262)6 Lef
=e"(2x? +4x + 1) dx (€2 + 1)?
_ e3x 4 e — 2e3x
(er + 1)2
_ et — e3x
- (er 4 1)2
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Chapter 11 — Differentiation of transcendental functions 405

¢ The product rule and chain rule are used:

Let y = e"vx — 1
d 1 1
Then ¥ — vy —1+-e'(x —1)"2
dx 2
=e'vVx—1+ 641
2(x — 1)2
2 (x— D)+ e
= 1
2(x — 1)2
_ 2xe" —e'
2/ -1

In general, the chain rule gives:

For h(x) = e/, h'(x) = f'(x)e/™

- [EEmme

Find the gradient of the curve y = e** + 4 at the point:

a (0,3) b (1,e*+4)
Solution
dy 2
=L e
dx €

d
Whenx=0,—y=2
dx
. the gradient of y = e** + 4is 2 at (0, 5)
N dy )
b Whenx_l,d—_Ze

x
.. the gradient of y = e** + 4 is 2¢? (14.78 to two decimal places)

Example 4
\ 4

Find the derivative, with respect to x, of:
a_ e/ b f(e*)
and evaluate the derivative of each when x = 2 if f(2) =0 and /'(2) =4

Solution
a Lety=e/®andu = f(x) b Lety = f(ef)andu = e*

Therefore y = e* Therefore y = f(u)

Then Z—i} = %Z_Z (chain rule) Then Z:—i: = Z—zj—z (chain rule)
=e"f'(x) = f'(u)-e'
=W = /)¢

Whenx=2,%=eox4=4 Zf/(ez)'e2
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11.2
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Exercise Iim

1 Find the derivative of each of the following with respect to x:

a e52" b Te c
X _ X
e e +1 ¢ il

d — e e
X

3¢ ¥ — x?
x243x+1
e

g e tette ™
2 Find f'(x) for each of the following:

a f(x)=e(x*+1) b f(x)=e*(x>+3x+1)

¢ f(x)=e"t(x +1)7 d f)=e*/(x+1),x>—1
3 Find f(x) for each of the following:

X X 1
2 )= - b S =S

e +3 e

er +2
er —2

¢ flx) =

4 Differentiate each of the following with respect to x:

3

a xte ™ b et} ¢ (¥ +x)2

1 1
d —e e e f (x2+2x +2)e

5 Find each of the following:
d X X
w b the derivative of € with respect to x
dx (x)
o e IRIGIVAE)
dx dx

Differentiation of the natural

logarithm function

For the function with rule f(x) = e, f'(x) = ke**
This will be used to find the derivative of the function g: R* — R, g(x) = log, x
Let y = log, kx

Then e = kx
1
and with x the subject x=-e
d 1
From our observation above @ —e’
dy k
d k.
But ¢ = kx. Thus ax = = =
dy k
dy 1
dx x

For f:R" — R, f(x) =log, (kx) f":RT — R, f'(x) =%
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Chapter 11 — Differentiation of transcendental functions 407

- [

Find the derivative of each of the following with respect to x:

a log, (5x) x>0 b log, 5x +3) x> _?3
Solution
a Lety ;lege (5x),x >0 b Lety =log, (5x+3),x > -3
Thusaz)—c Letu = 5x + 3. Then y = log, u
or let u = 5x. Then y = log, u The chain rule gives:
The chain rule gives: dy _dydu
dy dydu dx dudx
dx " dudx =L
1 u
= x5 _ f
5 u
1 S5x +3
T x

b d
In general if y = log, (ax + b) with x > —— then -

a dx ax+b
Example 6

d(l d(l b —b
Find: M’x;éo b M,x#—
dx dx a
Solution
a Lety=log, |x| b Lety = log, lax + b|
Ifx >0, Letu =ax +b
dy 1
y =log, x andg = Then y = log, |u|
Ifx <0, and the chain rule gives:
then y = log, (—x) and using the chain rule: dy _dydu
dy 1 1 dx  dudx
- = —] X —
dx —X = l(a)
d(l u
Hence M = l B 1
dx X e b(a)
_a
Cax+b
b d
In general if y = log, |ax + b| with x # —— then I
a dx ax+b
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408 Essential Mathematical Methods 3 & 4 CAS

- EET

Differentiate each of the following with respect to x:
a log, (x?+2) b x?log,x,x >0

Solution

a  We use the chain rule.
Lety =log, (x> +2)and u = x> +2

d 1 d
Then y = log, u, &~ and & — ok
du u dx
_ dy B dy du
dx  du dx
1
=—-2x
u
_ 2x
X242
¢ We use the quotient rule:
log, x
Lety = —
X

1
2 _——
dy ¥ X3 2x log, x

Then — =
dx x4

x —2x log, x

4
' —=2log, x
3

In general, the chain rule gives:

for h(x) = log, (/(x)), '(x) =

e

J'(x)
VACY)

log, x

x>0
x2

b We use the product rule:
Let y = x?log, x

d 1
Then =2 = 2x log, x + x* x —
dx x

=2xlog,x +x

1 Find the derivative of each of the following with respect to x:

a y=~2log,x b y=2log,2x ¢ y=x?+3log,2x
1

d y=3log,x + — e y=3log, (4x)+x f y=log, (x+1)
X

g y=log, (12x +3)) h y =log, (I3 —2xJ) i y=3log,(I2x —3|)

j y=—3loge("§‘—3)) K y:4x—310ge<)§—3‘>
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Chapter 11 — Differentiation of transcendental functions 409

2 For each of the following find f(x):

a f(x)=log, (x*+1) b f(x)=xlog,x,x >0
¢ fay= &% Ly d f(x)=2x"log,x,x >0
x
e f(x)=e"log,x,x >0 f f(x)=xlog, (—x),x <0
log, x
= log, (¢* h — 5
g f(x)=log, (e) Sx) 211

3 Find the y-coordinate and the gradient at the points corresponding to a given value of x on
the following curves:

a y=log,x,x>0x=e b y=xlog,x,x >0;x =e

c y=log, x*+ 1);x =e d y=log, (—x),x < 0;x = —e
e y=x+log, x,x >0;x =1 f y=log, |x—2;x =1

g y=log, |2x —1|;x =0 h y=log, |x2—1];x=0

4 Find f'(1)if f(x) = log, v/x% + 1
5 Differentiate log, (1 + x + x?).
6 If f(x) =log, (x*+ 1), find f(3).

7 Ttis known that f(0) = 2 and f’(0) = 4. Find

d(log, (f(x))) when x — 0
dx -

8 Ttis known that f(1) =2 and f’(1) = 4. Find the derivative of f(x)log, (x) when x = I.

11.3 Applications of differentiation of exponential
and logarithmic functions

Example 8

Sketch the graphof f: R — R, f(x) = e

Solution

Asx — —oo, f(x) > 0
Acxis intercepts

Whenx =0, f(x) =1
Turning points

f(x) = 3x2e"

and f’(x) = 0 implies x = 0 0

The gradient of /" is always greater than or equal to 0 which means that (0, 1) is a

> X

stationary point of inflexion.
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410 Essential Mathematical Methods 3 & 4 CAS

Example 9

The growth of a population is modelled by the following alternatives:

a 24% ayear b 12% every 6 months ¢ 2% a month
If initially the population is 1000, find the population at the end of a year for each of the
three alternatives.

Solution

a Population at the end of 1 year
= 1.24 x 1000
= 1240

b Population at the end of 1 year
= (1.12)> x 1000
= 1.2544 x 1000
= 1254.4 (= 1254 as integer values are required)

¢ Population at the end of one year
= (1.02)"? x 1000
= 1.268242 x 1000
= 1268.24 (= 1268 as integer values are required)

Previously it was seen that the limiting process, indicated in Example 9, leads to the

population growth model for a year. If the population is considered to be increasing

continuously at a rate of 24% a year then the population growth for a year can be written as the
n

24
limit-as n approaches infinity of lim 1000 (1 + W) . In Chapter 5 it was stated that
n—00 n

1 n
e = lim (1 + —) . The similarity is clear and a little algebraic manipulation gives

n—00 n

" <1 * 100n>"
1981 )0.24
= 1im 1000 | 1+ 355,
= 1000e"%* #

= 1.27125 x 1000
= 1271.25 (1271 as integer values are required)

After x years the population would be given by
P(x) = 1000e"**
and P'(x) = 0.24 x 1000e"*
=0.24 P(x)
i.e. the population is growing continuously at a rate of 24% of its population at any particular
time.
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Chapter 11 — Differentiation of transcendental functions 411

Using the TI-Nspire

Use the Limit template from the Calculus

o 1.1 ] FAD ALTQ REAL |
menu (¢ &> Gd) to find the limit — P
24 24 V" =]
nlggo 1000 (1 + W) 00, the symbol for jff;‘{lDOD \1+ o rJ }| 1000 25
infinity, can be found in the catalog (& &), |
or by typing G» @.
&
1498

Using the Casio ClassPad

A CAS calculator can be used to evaluate this

limit.

24 \"
Find the limit lim 1000 ( I + ——
n—0oo 100

Enter and highlight the expression

g 0
198 l

lirn IIBH [1+
Fr—eid "

=3

24
1000 ( 1 + —— ] then tap Int ti =
( + 100”) en tap Interactive > iome e 25

Calculation > lim and set the variable as n and u

the point as oo. -

Example 10

Given that f(x) = x — e** find in terms of p the approximate increase in f(x) as x increases

from 0 to 0 + p, where p is small.

Solution

fx)y=1-2¢"and f'(0)=1-2=—1

L f(O+ p)~ pf(0)+ £(0)
=—p— 1
Therefore (0 + p) — f(0) ~ —p — 1 — (—1)

=-p
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412 Essential Mathematical Methods 3 & 4 CAS

- B

Given that f(x) = e10 find in terms of / the approximate value of f(10 + /), given that 4 is

small.
Solution
, 1 = , 1 10
fx)= Eelo and f'(10) = EeIO =10
A0 A h X = 4o
10
=e <£ + 1>
10

For f:(0, 00) - R, f(x) = xlog, (x)
a Find f'(x). b Solve the equation f(x) =0
¢ Solve the equation f’(x) =0 d Sketchthe graph of y = f(x)

Solution
1
a f'(x) =x x — +log, (x) (product rule)
X
— 1 +log, (x)
b f(x)=xlog, (x) and f(x) = 0 implies y
A
x =0orlog, (x)=0
Thus as x € (0,00),x =1
¢ f'(x) = 0implies 1 + log, (x) =0
Therefore log, (x) = =1 and x = ¢!

-1
d Whenx =e ,y=clloge! = —
e

-

1
A particle moves along a curve with equation y = —(e** 4+ e~>*) where x > 0. The particle

1,0

.

moves so that at time ¢ seconds, its velocity in the positive y-axis direction is 2 units/second,

Find 2 whenx = 1.
dt
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Solution
1 dy
Forv = — e2x 4 e—2x , = = e2x _ e—2x
Y 2( ) dx
dx dxdy
Using the chain rule — = — —
& di ~ dy dr
1
= e2x _ p—2x x2
= 1 X
e2x -
er
! 2
= X
e —1
e2x
262x
T |
. . . o 2e7
The velocity in the positive direction of the x-axis when x = lis — N units per
et —

second.

Exercise IE

xZ
Sketch the graph of f(x) = e 2
Let f(x) = x%e*. Find {x: /'(x) < 0}.

Find the values of x for which 100e—*"+2*=5 increases as x increases and hence find the

. 2 _
maximum value of 100e™ +2¥—3.

Let f(x)=e*=1—x

a Find the minimum value of f(x). b Hence show e* > 1 + x for all real x.

Find an equation of the tangent to the graph for each function at the given value of x:

a f(x)=¢ +eTx=0 b f(x):%;xzo
¢ f(x)=x%;x=1 d fx)=e;x =1
e f(x)=xexz;x=1 f f(x)=x%%x=2

For f(x) =x +e™":
a Find the position and nature of any stationary points.

b Find, if they exist, the equations of any asymptotes.
¢ Sketch the graph of y = f(x)

A vehicle is travelling in a straight line from point O. Its displacement after ¢ seconds is
0.4e" metres. Find the velocity of the vehicle whent = 0,7 =1,¢ = 2.
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8 A manufacturing company has a daily output y on day 7 of a production run given by
y = 600(1 — e~ 03,

414 Essential Mathematical Methods 3 & 4 CAS

a Sketch the graph of y against 7. (Assume a continuous model.)
b Find the instantaneous rate of change of output y with respect to # on the 10th day.

9 Assume that the number of bacteria present in a culture at time # is given by N(¢) where
N(t) = 24te=%% . At what time will the population be at a maximum? Find the maximum
population.

d
10 Find ld for:
dx

a y=e b y=Ade>
In each case, express your answer in terms of y.

11 The mass m kg of radioactive lead remaining in a sample # hours after observations began
is given by m = 2¢7%%,
a Find the mass left after 12 hours:
b Find how long it takes to fall to half of its value at = 0.
¢ Find how long it takes for the mass to fall to i one-quarter and ii one-eighth of its value
att = 0.

d Express the rate of decay as a function of m.

12 Given that y = ¢, find in terms of ¢ the approximate increase in y as x increases from
0togq.

13 For f:R — R, f(x) =e*

a Find f'(x).
b Find an approximation for f(%), where /4 is small, in terms of / and a.
¢ Find an approximation for f(b + &), where 4 is small, in terms of b, 4 and a.

14 For each of the following write down an expression for the approximate change, dy, in y
when x changes from a to a + p where p is small:

a y=2e2 b y=3-2¢ c y=xe' d y:%
e
15 Giventhaty = ¢* + l and x = €' + 1, find:
dy dx dy
— and — b — whent=0
ar M ar dx

16 y = ¢*(px? + gx +r) is such that the tangents at x = 1 and x = 3 are parallel to the
x-axis. The point with coordinates (0, 9) is on the curve. Find the values of p, ¢ and r.

17 The volume, ¥ cm?, of water in a dish when the depth is 4 cm is given by the rule
V= g (e*" — 1). The depth of the dish is 2.5 cm. If water is being poured in at 5 cm?/s,
find:

a the rate at which the depth of the water is increasing when the depth is 2 cm
b the rate at which the depth of the water is increasing when the depth is 2.5 cm
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Chapter 11 — Differentiation of transcendental functions 415

. . . 1
18 A particle moves along a curve with equation y = —(e** 4+ e¢~2*) where x > 0. The
particle moves so that at time ¢ seconds, its velocity in the positive y-axis direction is

d
2 units/second, i.e. d_)t/ =2

Find d_x when x = 1.
dt

d
19 a Lety = e* % Find 2
dx ,
b Find the coordinates of the stationary point on the curve of y = e* ~% and state its

nature.
¢ Sketch the graph of y = o —8x

Find the equation of the normal to the curve of y = et —8x

at the point where x =2

20 a Find the equation of the tangent and normal of the graph of f(x) = log, x at the point
(1, 0).
b Find the equation of the tangent and normal of the graph of f(x) = log, |x| at the
point (—1, 0).
1
21 a Find the equation of the tangent of the graph of f(x) = log, 2x at the point (5, O).
b Find the equation of the tangent of the graph of f(x) = log, kx at the point

1
(; 0) ,(k € RT).
¢ Find the equation of the tangent of the graph of f(x) = log, |kx| at the point

1
<% 0) , (k € R\{0}).

22 On the same set of axes sketch the graphs of y = log, x and y = log, 5x and use them to
. d
explain why T (log, x) = T (log, 5x)
23 a Fory =log, x, find the increase in y as x increases from 1 to 1 4+ p where p is small.
b For y = log, x, find the increase in y as x increases from a to a + p where p is small

anda > 1.
¢ For f(x)=log, (x 4+ 1) show that f(h) ~ h for h ‘close’ to 0.

24 For y = log, (1 + x?) find the increase in y as x increases from 0 to p where p is a small
positive number.

25 Fory = log, ~/1 + x + x2, find the increase in y as x increases from 0 to p where p is a
small positive number.

26 Find an approximation for log, (1.01).

d d d
27 Ify =log, (t)and x = log, (1> + 1) for ¢ > 0, find d_)t} and d—j and hence find d_y when
x
t=1.
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28 The volume ¥ cm?® of water in a dish when the depth is 4 cm is given by the rule
V = m(h + D[(log, (h + 1))* + h]. The depth of the dish is 15 cm. If water is being

poured in at 5 cm?/s, find:

416 Essential Mathematical Methods 3 & 4 CAS

a the rate at which the depth of the water is increasing when the depth is 2.ecm
b the rate at which the depth of the water is increasing when the depth is 10 cm

29 For the function £: (0, 00) — R, f(x) = x?log, (x):

a Find f'(x). b Solve the equation f(x) =0
¢ Solve the equation f’(x) =0 d Sketch the graph of y = f(x)

11.4 Derivatives of circular functions
The following results, which were established in Chapter 6, will be utilised:
B cos’0 +sin’0 =1
B sin(4 £ B)=sinA4cosB +cosAsinB

The derivative of sinfk6
We first consider the function /: R — R, f(6) = sin
Let P(0, sin0) and Q(8 + A, sin (8 + %)) be points on the graph f(6) = sin 6

sin(6 + /) —sin 6

The gradient of the chord PO =

h
_ sinfcosh + cosBsins — sin6
B h
_ sinB(cosh = 1)+ cosOsinh
B h
_sinf(cosh — 1) ~cosBsinh
B h h

We consider what happens when /# — 0.
Use your calculator to check the following tables:

h cosh h sin & ﬂ
h

0.1 0.995 004 0.1 0.099 834 | 0.998 334

0.05 | 0.998 750 0.05 | 0.049979 | 0.999 583

0.01 | 0.999950 0.01 | 0.009999 | 0.999 983

0.001 | 0.999 999 0.001 | 0.000999 | 0.999 999
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Chapter 11 — Differentiation of transcendental functions 417

These results suggest that:

i . sinh
lim(cosh — 1) =0and lim — =1
h—0 =0 h
in6(cosh — 1 0 sin &
Therefore '(6) = lim (Sm (cos ) | cosBsin )
h—0 h h
=sinf x 04+ cosB x 1

= cos 0

For f: R — R, f(0) = sinf
"R — R, f/(8) = cos

For f: R — R, f(6) = sink6
We use the chain rule to determine the rule f'(0).
Lety =sink6® and u = k6

. dy dy du

Th = d—=—.—
en y = sinu an 76 = 2u 8
=cosu -k

= kcosk0

ie.for f: R— R, f(0) = sin(k0)
f': R — R, fY(0) = kcos(k6)

The derivative of ‘'cos k0
We turn our attention to finding the derivative of cos k6.
We first note the following:
cos § = sin (g — 9) and sin6 = cos (g - 9)

These results will be used in the following way:

let y = cos®
L /T
=s1n<— —6)
2

We letu = g — 0 and therefore y = sinu

. . dy dy du
The ch: 1 =
e chain rule gives 70 = du 20
=cosu-—1
= —cos (5 -0)
= —cos|— —
. 2
= —sinB
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418 Essential Mathematical Methods 3 & 4 CAS

We have the following results:

f: R— R, f(6) = cos
"R — R, f(6) =—sin0
and

f: R— R, f(6) = cos(k6)
"R — R, f'(0) = —ksin (k0)

Notation: sin” 6 = (sin 0)" and cos” 6 = (cos 0)". For convenience a new function, secant, is

introduced. The rule of secant is sec 6 =

cos 6

The derivative of tan k0

) sin
Let y =tan 6. We write y =
cos

0
m and apply the quotient rule to find the derivative.

dy cosBcos® —sinB(—sin0)
de (cos 0)?2
cos’ O + sin’ @

cos2 0

1
=8 (by the Pythagorean identity)
cos
= sec’ @

From this we state the result:

For f(8) = tan k6
1(8) =k sec’ k@

The maximum domain for this function is R\ {(2n + l)g: neZz }

Example 14

Find the derivative of each of the following with respect to 6:
a sin20 b sin?26 ¢ sin®(20 + 1)
d cos® (40 +1) e tan 30 f tan (302 + 1)
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Chapter 11 — Differentiation of transcendental functions 419

Solution
a 2cos20
b Lety = sin®26 and u = sin 260
Then y = u? and applying the chain rule:

dy dy du

do — du do
=2u-2cos26
= 4u cos 20
= 45sin26 cos 20

= 25sin40, as sin40 = 2sin26 cos 20

¢ Lety=sin’ (20 + 1)and u = sin (20 + 1)
Then y = u? and applying the chain rule:
dy du du

do ~ du do
=2u-2cos(20 +1)

=4sin (20 + 1)cos (20 + 1)
= 2sin 2(20 4+ 1), as sin2(260 + 1) = 2sin(20 4+ 1)cos (26 + 1)
= 258in (46 + 2)

d Lety =cos’(40 + 1) and u = cos (40 + 1)
Then y = u* and applying the chain rule:
dy dy du
de du do
= 3u®. —4sin (40 + 1)
= —12cos*(40 + 1)sin (40 + 1)
= —65sin(80 +2)cos (40 + 1)

e 3sec’30
f Lety=tan(302+ 1)andu = 30% + 1
Then y = tan u and applying the chain rule:

dy dy du
do  du do
= sec’u - 60

= 60 sec’ (302 + 1)

- D

Find the y-coordinate and the gradient at the points on the following curves corresponding to
the given values of 6:

) ™ T T T
a y:sme,ezzandezi b y:cose,ezzandezz
¢ y=tan6h,0 =0and 6 =;
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420 Essential Mathematical Methods 3 & 4 CAS

Solution
a For0 T in =
T =— = sIn —
© 47 Ty
B 1
V2
dy 0
— = COS
do

For 6 = g,y = sin; = 1 and the gradient at (g 1) is0

.". the gradient at (%

b Forf =~ T
or = —,y =cos —
47 4

1
p V2
Y _ing
m 1 1
.. the gradientat { —, — | is——
¢ (4 ﬁ) 72
For 6 = E,y — cos = 0 and the gradient at <E, O)is —1
¢ For=0,y=tan0=0
d
%zsecze

.". the gradient at (0, 0) is 1
e i . i .
For® = —, y = tan 7\ 1 and the gradient at <Z 1) is 2

4
Example 16

Find the derivative of each of the following with respect to x:
sin x

a 2x2sin2x b +1,x7é—1 ¢ e¥sin(2x+1) d cos4xsin2x
x
Solution
a Lety = 2x%sin2x b Lety= %y
Applying the product rule: _x+1

pplying the p : Applying the quotient rule:
d .
2V _ 4xsin2x + 4x? cos 2x dy _ (x + I)cosx —sinx
dx dx (x+ 12

¢ Lety =e*sin(2x + 1)
Applying the product rule:

d
d—y = 2¢¥ sin (2x + 1) + 2¢% cos (2x + 1)
X

= 2¢™[sin (2x 4 1) + cos (2x + 1)]

d Lety = cos4x sin2x
Applying the product rule:

d
d_y = —4sin4x sin 2x + 2 cos 2x cos 4x
X
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Chapter 11 — Differentiation of transcendental functions 421

Exercise Iil:

1 Find the derivative with respect to x of each of the following:
a sinSx b cosSx ¢ tanSx d sin’x e tan(3x + 1)
T
f cos(x’+1) g sin’ (x - Z) h 2cosx® i 3sinx® j tan (3x)°

2 Find the y-coordinate and the gradient at the points corresponding to the given value of x
on the following curves:

. w . I . iy
a y=s1n2x,x=§ b y=sm3x,x=g c y=1+sm3x,x=g
d y:cosz2)c,x:E e y:sin22x,x=E f y:taan,x:E
4 4 8
3 For each of the following find f”(x):
a f(x)=5cosx —2sin3x b f(x)=cosx + sinx
¢ f(x)=sinx 4+ tanx d f(x)=tan’x

4 Differentiate each of the following with respect to x:
cosx

a x’cosx b = ¢ e ‘sinx d 3x +2cosx e sin3x cos4x
X
f tan2xsin2x g 12xsinx h x2esinx i x?cos’x j e‘tanx
5 For each of the following find f’(7r):
2x 3x2+1 er
= b = C X) =
ACY cosx A cos x /e COS X
. sinx
d f(x)=e sinx e f(x)=— f f(x)=cos’*2x
X
d d
6 a Ify=—log,(cosx), find = b Ify:—loge|cosx|,ﬁnd—y
dx dx
7 Find the derivative of each of the following functions:
i b et c x 3 sin 3x

sinx — cosx

115 Applications of derivatives of circular functions

- =S

: . . . . . ™
Find the equation of the tangent of the curve with equation y = sinx at the point where x = 3

Solution
3 d 1
d—izcosx.Whenxz g,yz %andéz 3

Therefore the equation of tangent is:

ﬁ_l
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422 Essential Mathematical Methods 3 & 4 CAS

Example 18

Find the equation of the tangent and normal of the graph of y = — cosx at the point <§, 0).

Solution
We first find the gradient of the curve at this point.

d d
% = sinx and when x = g, % =1

.". the equation of the tangentis y — 0 =1 (x — g)

. s
1.C. =X — —
Y 2

The gradient of the normal is —1 and therefore the equation of the normal is:

y—(’:—l(x;g)

ie.y=—-x+—
Example 19

2
Let f(0) = sin (20). If 0 is increased by a small amount / find:
a an approximation for f(6 4 /&) where 6 = %

b an expression for the percentage change for 6 = %

Solution
a  f(6) = 2cos(26) and £’ (%) — 2cos (;) —1
+f

Therefore 1 (% + h) ~h

b Percentage change = ——————
(%)

100 x h x 1
V3

2
_ 200A

J3
2004+/3

3

20043
T

The percentage change is
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Chapter 11 — Differentiation of transcendental functions 423

Example 20
ks

The curves with equation y = cosx and y = —sin 2x intersect at the point where x = —.
Find the acute angle between the curves at this point.

Solution

R dy 1 h T
ory =cosx, — = — wherex = —.
4 dx 2 6

d 7
For y = —sin2x, d—y — 1 wherex = =

. . 7 .
For the curve of y = —sin 2x at the point where x = —, the angle of inclination to
the positive direction of the x-axis is 135°.

. T N
For the curve of y = cos x at the point where x = ra the angle of inclination to

1 ]

the positive direction of the x-axis is | tan~' [ = ~ 26.57°. Therefore the angle
between the two curves ~ 135%— 26.57° ~ 108.43°. The acute angle is 71.57°.

¥

A

\135° 56,570
\\ 2 z > X
0 N ;

Find the local maximum and minimum values of f(x) =2sinx +1 —2 sin? x where
0<x <2m.

Solution
Find f’(x) and solve f'(x) = 0.
f(x)=2sinx +1— 2sin® x
o f'(x) =2cosx — 4sinx cosx
=2cosx(l —2sinx)
f'(x) =0when cosx =0or1—2sinx =0

. . 1
i.e. when cosx = 0 or sinx = —

L m 3

cosx = 0 impliesx = —, —
22

. N m™ 5
sinx = — implies x = —, —
6 6

I
s

)=

IRV
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424 Essential Mathematical Methods 3 & 4 CAS

T T sn 3n
6 2 6 2
SO | + 0o - |0 0| -] 0| +

shape/i\i/i\f/

T 3 57 3
. max. at , and | —, =
(53) = (F-3)

3
and min. at (Tr, and —Tr, —
2 2

- e

The diagram shows a 5-metre pole leaning against a vertical wall.
The lower end of the pole moves away from the wall at a constant

speed of a m/s. Sm
Find for the instant that the foot of the poleds 3 m from the wall
a the speed at which the top of the pole is descending o

b the rate at which the radian measure of the angle defined by
the pole and the horizontal between the bottom of the pole and the wall is changing.

Solution

a Let 4 metres be the distance, at time # seconds, from the top of the pole to the
horizontal.
Letx metres be the distance, at time ¢ seconds, from the bottom of the pole to
the wall.

Therefore . 2x X —1
— = —2x
dx 2425 — x2
—X
V25— 2
d dh dh dx
an —— X —
dt dx dt
—X
= —— X
V25 — x2
dh  —3a
Furthermore x =3, — = ——
dt 4

3
The pole is sliding down the wall at a rate of Ia m/s.

b Firstitis noted 20 = 99 9%
irst it is noted — = — x —
dt dx dt
d d -1
x = 5cos 0. Therefore @ _ —5sin 6 and —e = —
d dx 5sin 6

do —1
Therefore — = — X a
dt 5sin®

. 4 do —a .
When x = 3, sin = — and — = — radians/second
5 dt 4
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Chapter 11 — Differentiation of transcendental functions 425

Exercise Iila

Q;\“s"eg, 1 Find the equation of the tangent to each of the following curves at the point corresponding

) to the given x-value:
et a y=sin2x,x =0 b y=cosx,x=g ¢ y=tanx,x=;
d y=tan2x,x =0 e y=sinx +sin2x,x =0 f y=x—tanx,x = —

d
2 Ify =3x+2cosx, find d—y and hence show that y increases as x increases:
X

3 The tangent to the curve with equation y = tan 2x at the point where x = 3 meets the
y-axis at the point A. Find the distance OA4 where O is the origin.

4 Find the acute angle of intersection of the curves y = cosx and y = e~ at the point
0, 1).

5 Find the acute angle of intersection of the curves y = sin2x and y = cos x at the point
(59
6 The volume, V' (¢), of water in a reservoir at time ¢ is given by V' (¢) = 3 + 2 sin 2
a Find the volume in the reservoir at time # = 10.
b Find the rate of change of the volume of water in the reservoir at time ¢t = 10.
7 Lety =tan9.
a 1 If0 isincreased by a small amount p find an approximation for the increase in y in
terms of p and 6.
ii Ifo= I, find the increase in y in terms of p.
b Find an approximate value of tan (46°) using the results of a.

8 a Given /TR — R, where f(x) = cosx, ﬁndf(z) and [’ (;)

4
b Use the results of a to find an approximate value of:
i cos (% + h) where 4 is small ii cos0.8

9 For each of the following write down an expression for the approximate change, dy, in y
when x changes from a to a 4+ p where p is small:

a y=cos(2x) b y =sin (%) ¢ y=tan (2x)

d =1-—t ( ) e = < ) f = si
=1—tan (= =cos(— —x = —
y a > y ) y = sin >

10 Find the local maximum and minimum values of f(x) for each of the following and state
the corresponding x-value of each. (Consider 0 < x < 27 only.)
a f(x)=2cosx —(2cos’x — 1) b f(x)=2cosx + 2sinxcosx
¢ f(x)=2sinx —(2cos’x — 1) d f(x)=2sinx + 2sinx cosx
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11 The diagram shows a 13-metre pole leaning against a vertical wall. The lower end of the
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pole moves away from the wall at a constant speed of 1 m/s.
For the instant that the foot of the pole is 12 m from the wall,
find:

a the speed at which the top of the pole is descending
b the rate at which the radian measure of the angle defined 13m
by the pole and the horizontal between the bottom of the
pole and the wall is changing ¢

11.6 Miscellaneous exercises

In the following exercise a CAS calculator is to be used for all questions.

Exercise Iili

1 Find the derivative of each of the following for the given x-value. Give the answer correct
to two decimal places.

X2

~(1p) sinx, x =

a y=e il b yzloge(sinx),x=I

4 4
¢ y=sinx 4+cos3x,x = 0.7 d y=log,(x)+sinx,x =1

2 Find the coordinates of the local minima and maxima for x € [0, 27r] for each of the
following. (Values are to be given correct to two decimal places.)
a y=log, (x)+ sin(x) b y =log, (sinx) ¢ y=log, (2x) + cos(2x)

d y=x>4cos(x) ey =tan(2x) + f y = cos?(2x)sinx

COS X
d d
3 Fory =tan(2x) + —— find & and plot the graph of e against x for x € [4, 5.5]. Use
cos X dx dx

this to confirm the results of 2e.

4 For each of the following, plot the graph of the derivative function for the stated domain:
a f(x)= cos’(2x)sin(x), [0, 2] b f(x)= e% log, (x), (0, 10]
¢ f(x)=sin’ (x)cos’ (x), [0, 27]

5 a With a CAS calculator plot the graph of:

i y=e"-2 i y=x

b Find the coordinates of the points of intersection of y = e* — 2 and y = x from the
calculator, correct to two decimal places.

¢ Find the inverse function of y = ¢* — 2 and plot this inverse on the same screen as a.
Find {x:e* — 2 > x}

i The graph of y = e* + a passes through the origin. Find the value of a.
ii Find the equation of the tangent to y = ¢* — 1 at the origin.
iii Find the point of intersection of y = ¢* — 1 and y = x
iv  Find the inverse of y = ¢* — 1
v Using a calculator plot the graph of y = e* — 1, the inverse of this function, and
y=x
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Chapter 11 — Differentiation of transcendental functions 427

6 a With a CAS calculator plot the graph of:

2
i y=2e"—2 i y:loge<x+ ) i y=x

2
. . x+2 _
b Find the gradient of y = 2¢* — 2 and y = log, — at the origin.

2
¢ Find the equations of the tangents of y = 2¢* — 2 and y = log, (%) at the origin.

d Consider the function with rule f(x) =ae* —a,a >0
i Find /!
- . X +a
ii Find the equations of the tangents to the graphs of y = log, (—) and
a
y = ae* — a at the origin.
x+a 1
iii Plot the graphs of y = log, [ —— ) and y=ae* —afora =3 anda = 3
a

iv. Comment on the points of intersection of the two graphs.

11.7 Applications of transcendental functions

- B

The number of bacteria, N, in a culture increases at a rate proportional to the number present

according to the law N = Nye*’, where t.is the number of hours of growth and k and N, are
constants.
a Prove that 7 is.proportional to N.

b If it takes 48 hours for the colony to double in number, find k£ and hence the rate at which
the colony is increasing when N.= 10%.

Solution
a dN
g— kN kt
dt =
=kN

N
ie. on is proportional to N.

b When t=0,N=N,
When N = 2Ny, t = 48

2N0 = N0€48k
2 = e48k
k ! log, 2
k=—1o
PTG
~ 0.0144
When N = 10%,
dN
— =kN
dt

= ﬁ log, 2 x 10*
~ 144.41

The colony is increasing at a rate of &~ 144 per hour.
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428 Essential Mathematical Methods 3 & 4 CAS

Example 24

The cross-section of a drain is to be an isosceles \ /
2m

trapezoid, three of whose sides are 2 metres long, P

as shown. Find 6 so that the cross-sectional area / 0
will be as great as possible and find this maximum. \

< )m—>

Solution

1
Area of the trapezium = 5 x 2sin0(2 4244 x cos0)
=sin0(4 +4cos0)

Let A m? be the area of the trapezium.

Then A =sinB(4 +4cos0)

dA
and 70 = cos 0(4 + 4 cos®) — 4sin’ 0

=4cos0 +4cos’> 0 — 4(1 — cos® )
=4cos0.4 8cos’ 0 —4
. . dA
The maximum will occur when 70 =0.
Consider:
8cos’ 0 +4cosh —4 =0
.2c0s’0 +cosh—1=0
2.(2cosO = 1)(cosB+1)=0

.cosO = —or cosb =—1
2

The practical restriction on 6 is that 0 < 6 < g
Therefore the only possible solution is that 6 = g and a T
gradient table confirms that ; gives a maximum. 40) | + 3 _
Whene:;A:§(4+2):3\/§ shapel 1N

i.e. the maximum cross-sectional area is 34/3 m?.

B o2 :

The figure shows a circular lake, centre O, of radius 2 km. A man
swims across the lake from 4 to C at 3 km/h and then walks around 4 B
the edge of the lake from C to B at 4 km/h.

a If Z/BAC = 6 radians and the total time taken is 7 hours, show that

1
T = 3(4 cos 6 + 30)
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Chapter 11 — Differentiation of transcendental functions 429

dT
b Find the value of 6 for which 70 = 0 and determine whether this gives a maximum or

minimum value of 7' (0° < 8° < 90°).

Solution
distance travelled

a The time taken =

speed
. . 4cos6
Therefore for the swim the time taken = hours and the walk takes
— hours.
4 1
.". the total time taken = 5(4 cos 0 4 30)
b ar ! (—4sin6 + 3)
— = —(—4sin
a6 307
) . dT arT 1 .
The stationary point occurs where 70" 0 and T 5(_4 sin® + 3)

3
implies sin6 = I
;.0 = 48°35
If0 < 48°35,T7T'(6) > 0
if 6 > 48°35,7'(0) < 0
.. maximum when 6 = 48°35’

3
When sin§ = 7 T = 1.73 hours.

. . . 1
If the man swims straight across it takes 1 3 hours.

If'he goes all the way around the edge it takes approximately 1.57 hours.

Example 26

A beacon that makes one revolution every 10 seconds is located on a ship 2 km from a straight

shoreline. How fast is the beam moving along the shoreline when it makes an angle of 45° with
the shoreline?

Solution

One revolution every 10 seconds is equivalent to a rate

d
of % radians per second. This can be written as i %

I A

dx ) 2000 m
Also x = 2000tan 6 and 70 = 2000 sec”0
d d do
By the chain rule oY
dt doe  dt - - T m—
= 2000 sec’0 x 3
= 4007 sec’0
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430 Essential Mathematical Methods 3 & 4 CAS

When the angle with the shoreline is 45°, 6 = ;

and @ _ 4001 sec2E
dt
= 800

The beam is moving along the shoreline at a speed of 800 metres/second.

Exercise IE

1 A cartyre is inflated to a pressure of 30 units. Eight hours later it is found to have deflated
to 10 units. The pressure P at time ¢ hours is given by:

P = Ppe ™

a Find the values of Py and A. b At what time would the pressure be 8 units?
¢ Find the rate of loss of pressure at:
i timezr=0 i timet =8

2 An aeroplane is flying horizontally at a constant e

height of 1000 m. At a certain instant the angle e
. . -7 1000 m
of elevation is 30° and decreasing and the speed e

of the aeroplane is 480 km/h. /,/\ 9

a How fastis 0 decreasing at this instant?
(Answer in degrees/s.)

b How fast is the distance between the acroplane and the observation point changing at
this instant?

3 ABCDis a trapezium with AB = CD, with vertices on

the circle and with centre O. AD is a diameter of the B i : ¢
circle. The radius of the circle is 4 units. \‘\ 4 1 4
S 1
. . N A8
a Find BC in terms of 0. A ‘5 D

b Find the area of the trapezium in terms of 6 and
hence find the maximum area.

4 The figure shows a rectangular field in which 4B = 300 m and BC = 1100 m.
B P C

b
-

AB =300 m
BC =1100m

A D
a An athlete runs across the field from 4 to P at 4 m/s. Find the time taken to run from A4

to P in terms of 0.
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Chapter 11 — Differentiation of transcendental functions 431

b The athlete, on reaching P, immediately runs to C at 5 m/s. Find the time taken to run
from P to C in terms of 6.

¢ Show, using the results from a and b, that the total time taken, 7 seconds, is given by
T =220+ 75 — 60sin 6
cos 6

d Find d—T

do

e Find the value of 6 for which Z—g = 0 and show that this is the value of 6 for which 7 is
a minimum.

f Find the minimum value of 7 and the distance of point P from B that will minimise her

running time.

MC v&0D
s S
TEST TEST
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Chapter summary

B For f(x) =", f'(x) = k"
B For f(x) =log, kx, with kx > 0, f'(x) = %
B For f(x) = log, lkxl, f'(¥) =
B For f(x) =sinkx, f'(x) = kcoskx
B For f(x) =coskx, f/(x) = —ksinkx
B For f(x)=tan(kx), f'(x) =k seczl(kx)
- kcos2 (kx)
B k
~ cos? (kx)

Multiple-choice questions

1 The derivative of e=2%* cos (ax) with respect to x is:

A —ae % cos(ax) — 2ae % sin (ax) B ae % cos(ax) — 2ae > sin (ax)
C —2ae % cos(ax) — ae > sin (ax) D 2ae % cos(ax) + 2ae>% sin (ax)
E —ae %" cos(ax) — 2ae™2* sin (ax)
2 For f(x)= cosY , where a is a constant, find /”(x).
X—a
sin x COS X sinx COS X sinx COS X
A + 2 B X a 2 - 2
x—a (x—a) x—a (x—a) xX—a (x—a)
X sinx X COS X o sinx  cosx
x—a (x—a) x x
3 For f:R — R, f(x) = e* — ex, the coordinates of the turning point of the graph of
y = f(x) are:
1
ALy B (Ley € (O.) D (L) E ()
1
4 The equation of the tangent of y = e** at the point (—, e) is:
a
Aryp=e“T1 41 B y=ae"x C y=1—ae?”
e’x
D y=— E y=uaex
a
5 Ifz = log, (x) then &z is approximately equal to:1 5 i
X
A log, (x + dx) B log, (dx) C — D — E -
ox X X

6 Ifz = sinx and sin 1 = a then using the linear approximation the value of sin (1.1) is equal
to:
A 01VT—a? B 0.lcosl C 0.1VT—da?4a D a+01 E 0.la
7 Under certain conditions, the number of bacteria, N, in a sample increases with time,
t hours, according to the rule N = 4000¢%% . The rate, to the nearest whole number of
bacteria per hour, that the bacteria are growing 3 hours from the start is:
A 1458 B 7288 C 16068 D 80342 E 109731
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Chapter 11 — Differentiation of transcendental functions 433

8 The gradient of the tangent to the curve y = x? cos 5x at the point where x =  is:
A 5mu? B 57’ C 5mu D 5w E —2m
9 The equation of the tangent to the curve with equation y = e™* — 1 at the point where the
curve crosses the y-axis is: 1 !
A y=x B y=—x C yzix D y:—ix E y=-2x
10 For f:R — R, f(x) =e"" — %, the coordinates of the turning point of the graph of

= f(x) are:
Jz; XI a(?; B 1 2 D 1 ! E (1,0 '
(o (20) © (d) v () ® a0

Short-answer questions (technology-free)

1 Differentiate each of the following with respect to x:

a log, (x*+2) b sin(3x +2) ¢ cos (g) d e
e log,(3—x) f sin(2mx) g sin’(3x +1) h /log,x, x > 1
2log,2
2082 j x?sin(2mx)
X
2 Differentiate each of the following with respect to x:
1
a e'sin2x b 2x?log, x Og‘; i d sin2x cos3x
sin 2x 5 2x- X
o8 2x f cos’(3x +2) g x°sin” (3x)
3 Find the gradient of each of the following curves for the stated value of x:
a y=e*+1,x=1 b y=e"2+1,x=0
c y=5+x2x =1 d y=5—e"x=0
4 Differentiate each of the following with respect to x: -
a e b eax+b ¢ ea—bx d bhe™ — aebx e_
ebx

5 A vehicle is travelling in a straight line from a point O. Its displacement after ¢ seconds is
0.25¢" metres. Find the velocity of the vehicle at# = 0,7 = 1, = 2 and ¢ = 4 (seconds).

6 The temperature, 6°C, of material inside a nuclear power station at time ¢ seconds after a

. . 1
reaction begins is given by 6 = —e!*"

a Find the rate of temperature increase at time .

1
b Find the rate of increase of temperature when ¢ = 70"

7 Find the equation of the tangent of y = e* at (1, e).
8 The diameter of a tree (D cm) ¢ years after 1 January 1990 is given by D = 50/’
D
a Prove that T ¢D for some constant c.

b If k = 0.2, find the rate of increase of D where D = 100.
2

d d
9 Ifx =2¢ 2 + 3¢, show that — + 3% +2x =0
dt? dt

10 Find the minimum value of e** + e=3*.
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. . . d%y dy .
y = e* is a solution of the equation i 3d— + 2y = 0. Find two values of a.
X X
12 a Find the equation of the tangent of y = log, x at the point (e, 1).
b Find the equation of the tangent to y = 2 sin (%) at the point <g, «/E)

11

. . ) 3w
¢ Find the equation to the tangent to y = cosx at the point - 0]).

d Find the equation of the tangent of y = log, |x| at the point (—e, 1).

Extended-response questions

1 A section of a rollercoaster can be described by the rule: y
A
y= 18c0s(%)+12,0§x <80

A
a Find the gradient function, . T
iy dx 30m
b Sketch the graph of T against x. i
x

¢ State the coordinates of the point on the track

0 &;TO =

100000
1 + 100e~0-3x

6 m

for which the magnitude of the gradient is maximum.

2 The kangaroo population in a certain confined region is given by f(x) =
where x is the time in years.
a Find f'(x)
b Find the rate of growth of the kangaroo population when:
i x=0and i x=4
3 Consider the function f:{x:x < a} = R, f(x) = 8log, (6 — 0.2x) where a is the largest
value for which f"is defined.
a What is the value of a?
b Find the exact values for the coordinates of the points where the graph of y = f(x)
crosses each axis.

¢ Find the gradient of the tangent to the graph of y = f(x) at the point where x = 20.
d Find the rule of the inverse function f/~!.
e State the domain of the inverse function /.
CAS f Sketch the graph of y = f(x)
4 a Using a calculator plot the graphs of f(x) = sinx and g(x) = e*"* on the one screen.
93 ‘Cum‘§ Find g’(x) and hence find the coordinates of the stationary points of y = g(x) for

x € [0,2m].
¢ Give the range of g.
State the period of g.
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a Show that the tangent to the graph of y = e for x = 0 has equation y = x + 1
Plot the graphs of y = ¢* and y = x + 1 on a calculator.
¢ Let f(x) =€ and g(x) = x + 1. Use a calculator to investigate functions of the form:

hx)=af(x —b)+c¢ and k(x)=ag(x —b)+c

Comment on your observations.

d Use the chain rule and properties of transformations to prove that if the tangent of the
curve with equation y = f(x) at the point (xy, y;) is y = mx + ¢, then the equation of
the tangent of the curve with equation y = af(bx) at the point (% y1a> is
y = a(mbx + c)

A certain chemical starts to dissolve in water at time 7 > 0. It is known that if x is the

number of grams not dissolved after ¢ hours then:

60 6

1
X = m, where \ = Elogeg

a Find the amount of chemical present when:

i t=0 ii t=5
d
b Find ax in terms of 7.
X Ax2
¢ i Showthat — = —Ax — —
i ow tha T X 20

ii Sketch the graph of Z—j against x, forx > 0.
iili Write a short explanation of your result.
A straight line is drawn through the point (8, 2) to
intersect the positive y-axis at O and the positive
x-axis at P. (In this problem we will determine the
minimum value of OP+ OQ.)

is —cosec?0.

Show that the derivative of tarll
Find MP in terms of 6.
Find NQ in terms of 6.
Hence find OP 4 OQ in terms of 6. Denote OP + OQ by x.

e Find —.

|
|
i
0 ‘ M P

e e T O

f Find the minimum value for x and the value of 6 for which this occurs.
Let fiR— R, f(x)=¢e" —e™*

a Find f'(x). b Find {x: f(x) = 0}

¢ Show that f”(x) > 0 for all x. d Sketch the graph of 1.
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9 a Find all values of x for which (log, x)* = 2 log, x
Find the gradient of each of the curves y = 2log, x and y = (log, x)?* at the
point (1, 0).
¢ Use these results to sketch on one set of axes the graphs of y = 2log, x and
y = (log, x)*
d Find {x:2log, x > (log, x)*}
log, x

10 For what value of x is a maximum? That is, when is the ratio of the logarithm of a

X .
number to the number a maximum?

11 A cone is inscribed inside a sphere as illustrated. The radius of the sphere is ¢ cm, and the
magnitude of / O4B = magnitude of / CAB = 0. The height of the cone is denoted by 4.
The radius of the cone is denoted by r.

a Find A, the height of the cone in terms of a and 6.
Find r, the radius of the cone in terms of @ and 6.

1
The volume, ¥ cm?, of the cone is given by V' = 3 wrh.
¢ Use the results from a and b to show that:

1
V= gmﬁ sin” 0(1 4 cos 0)

d Find 70 (a is a constant) and hence find the value

of 0 for which the volume is a maximum.

e Find the maximum volume of the cone in terms of a.

12 A psychologist hypothesised that the ability of a mouse to memorise during the first
6 months of its life can be modelled by the function f, given by
f:(0,6]— R, f(x) =xlog,x + 1, i.e. the ability to memorise at age x years is f(x).
a Find f'(x)
b Find the value of x for which f”(x) = 0 and hence find when the mouse’s ability to
memorise is a minimum.
¢ Sketch the graph of f.
d When is the mouse’s ability to memorise a maximum in this period?

13~ Some bacteria are introduced into a supply of fresh milk. After # hours there are y grams of
bt

bacteria present where y = (1) and 4 and b are positive constants.

1+ Ae?" y
a Show that 0 < y < 1 for all values of ¢. b Find 7 in terms of .
o

-y

d

d i Show that d—f = by(1 — y)

¢ From (1) show that 4’ =

. ) d
ii Hence, or otherwise, show that the maximum value of d_)t} occurs when y = 0.5.

e If 4 =0.01 and b = 0.7 find when, to the nearest hour, the bacteria will be increasing
at the fastest rate.
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14 A searchlight is located at ground level vertically below the path of an approaching aircraft,
which is flying at a constant speed of 400 m/s, at a height of 10 000 metres. If the light is
continuously directed at the aircraft, find the rate, in degrees per second, at which the
searchlight is turning at the instant when the aircraft is at a horizontal distance of 5000 m
from the searchlight. Give your answer correct to three decimal places.

15 A rocket, R, rises vertically from level ground at a point 4. It is observed from another
point B on the ground where B is 10 km from 4. When the angle of elevation 4BR has
the value — radians, this angle is increasing at the rate of 0.005 radians per second. Find '
in, km/s, the velocity of the rocket at that instant.

16 a Find the equation of the tangent to the curve y = ¢* at the point (1, e).

b Find the equation of the tangent to the curve y = e** at the point <§ e).

1
¢ Find the equation of the tangent to the curye y = e* at the point (%, e).

d Show that y = xke is the only tangent to the curve y = e* which passes through the
origin.

e Hence determine for what values of & the equation e** = x has:

i aunique real root il no real roots
17 Let /:RT — R, f(x) = &
X
a Find f'(x) b Find {x: f"(x) = 0}
¢ Find the coordinates of the one stationary point and state its nature.
/ /
d i Find /) ii. Find lim /%) and comment.

oo f(x)

X
e Sketch the graph of f.

The number of birds (») in an island colony decreased and increased with time (¢) years
according to the approximate formula

over some interval of years, where ¢ is measured from 1900 and a and k are constant. If
during this period the population was the same in 1965 as it was in 1930, when was it
least?

18 A culture contains 1000 bacteria and 5 hours later the number has increased to 10 000. The

number, N, of bacteria present at any time, ¢ hours, is given by N = Ae*’

a Find the values of 4 and .

b Find the rate of growth at any time 7.

¢ Show that the rate of growth is proportional to the number of bacteria present at any
time.

d Find this rate of growth when:
i t=4 i t=50
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19 The populations of two ant colonies, 4 and B, are increasing according to the rules:
B 4:population = 2 x 10%e%0%
B B:population = 10*e00%
After how many years will their populations:
a Dbe equal? b be increasing at the same rate?

20 The depth, D(f) metres, of water at the entrance to a harbour at # hours after midnight on a
particular day is given by:

. Tt
D(t)=10+3s1n<?),0§t§24

Sketch the graph of D(7) for 0 < ¢ < 24.
Find the values of ¢ for which D(¢) > 8.5.
¢ Find the rate at which the depth is changing when:
i t=3 ii 1=6 iii =12
d i At what times is the depth increasing most rapidly?

(=]

ii At what times is the depth decreasing most rapidly?

21 A particle on the end of a spring, which is hanging vertically, is oscillating so that its length
h metres above the floor after # seconds is given by:

y=0.5+02sin(3wt),r =0

a Find the greatest height above the floor and the time at which this height is first reached.

21
b Find the period of oscillation. ¢ Find the speed of the particle when ¢ = T3
22 The length of night on Seal Island varies between 20 hours in midwinter and 4 hours in
midsummer. The relationship between 7, the number of hours of night, and 7, the number of

months past the longest night in 1991, is given by

T(t)=p+gqcosmrt r
(hours)

where p, g and r are constants. 20

Assume that the year consists of 12 months of
equal length,

The graph of 7 against  is illustrated. 4
a Find the value of: 0 6 12 (months)

i rand ii pandg

b Find 7'(3) and 77(9) and find the rate of change of hours of night with respect to the
number of months.

¢ Find the average rate of change of hours of night from 7 = 0to ¢ = 6.
After how many months is the rate of change of hours of night a maximum?
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23 A section of the graph of y = 2 cos 3x is shown in y
the diagram.

fAs c B(x, 2 cos 3x)
(31(6‘04' a Show that the area, 4, of the rectangle O4BC in
gULh terms of x is 2x cos 3x
b i Find a4
i Find —.
dx
dA T > X
i Find 22 whenx = Oandx = —. o X 5 '
dx 6

¢ i On a calculator plot the graph of 4 = 2x cos 3x forx € |0, 1.
ii Find the two values of x for which the area of the rectangle is 0.2 square units.
iii Find the maximum area of the rectangle and the value of x for which this occurs.

dA 1
d i Show that o 0 is equivalent to tan 3x = —
X

1
ii Using a calculator plot the graphs of y = tan 3x and y = o for x € <0, %) and
X
find the coordinates of the point of intersection.

24 a A population of insects grows according to the model
N(t) = 1000 — ¢ +2e% for t > 0

where 7 is the number of days after 1 January 2000.
i Find the rate of growth of the population as a function of 7.
ii Find the minimum population size and value of 7 for which this occurs.
iii Find N(0). iv Find N(100).
v Sketch the graph of N against # for 0 < 7 < 100.
b It is found that the change in population of another species is given by:

[S1—

t

1
No(t) = 1000 — £2 + 2¢20

i Find N5(0). ii  Find N,(100).
iii Plot the graph of y = N,(¢) for ¢ € [0, 5000] on a calculator.
CAS iv._ Solve the equation N;(¢) = 0 and hence give the minimum population of this
5 species of insects.
< & ¢ A third model is:

RTINS
3 ‘
Ns(t) = 1000 — 12 4 2¢70

Use a calculator to:
i plota graph for 0 <¢ < 200
ii find the minimum population and the time at which this occurs
d i For N3, find Nj(2).
i Show Nj(¢) = 0 is equivalent to 7 = 20 log, (15+/7)

(=1
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25 The height 2 m of a cliff is determined by
measuring the angle of elevation of the top
of the cliff from a point P level with the base
of the cliff and at a distance x m from it.

a Show that if an error is made in the measurement of the angle by (8a)°, then the

CAS calculation of the height of the cliff yields an error of approximately % sec” (a”)da
6 b Letx = 50. Using a calculator plot the graph of:

() &

ey, x© y= 118 x 5 x sec? (a°) for 0 < a < 90

¢ Ifthe greatest error in the measurement of the angle 1s (0.02)°, what is the greatest
possible error for the calculation of the height of the cliff in terms of a?

26 Triangle ABC is isosceles with 4B = AC. O is the centre 4
of the circumcircle of the triangle. The radius of the circle
is R cm. Let AX=h cm and angle BAX= a° where
X is the midpoint of BC.

a i Find BXin terms of / and a.
ii Apply Pythagoras’ theorem to triangle OBX to find M
R in terms of /2 and «. B X ¢
iii Use the result that 1 + tan® a = sec* a to show:
R = ﬁ sec’
2
b If the measure of / is exact but that of the semi-vertex angle «° is to have an error of
(dar)°.
i Find the error in R, i.e. find oR.
ii Find 3R if 2~ = 0 and the semi-vertex angle of 30° is measured to be 29.1°.

27 a Consider the curve with equation y = (2x? — 5x)e®. If the curve passes through the
point with coordinates (3, 10), find the value of a.
b For the curve with equation y = (2x? — 5x)e“*, find the x-axis intercepts.
il Use calculus to find the x-values for which there is a turning point, in terms
of a.
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