2011 HSC Mathematics Solutions
Question 1 (iii) l+l: p+a
_ a p of
@ 3.7278...=3.728 (4 sig. fig.) 6
2
2 _
(b) n —25:(n 5)(n+5) 3
n-5 n-5
=n+5 (b)  2sinx=—3 0<x<2z
©  22-32 sinx =3
o2l _ o8 2
5 2x+1=5 X:,H%,g,z_%
2x=4 4x 5
X=2 3'3
d 5 4
d —| In(5x+2) |= (©) y=(2x+1
@) dx[ (X+ )] 5x+2 q ( )
Y _a(2x+1)°(2)
() 2-3x<8 dx
-3X<6 =8(2x+1)3
LX>-2
A A B3 Atx=-1: y=(-2+1)'
= X — —
NN N B T B - =1
4(B-3) Y _g(-2+1y
- ) X
5-3 =-8 =>m=-8
4(v5-+3)
- 2 - tangentis y-1=-8(x+1)
=2(\5-43) y-1=-8x-8
(g  Number defective = 0.02 x 800 d) y=x%"
=16 %:xz(ex)Jrex(Zx) by the product rule
X
Question 2 - (X+2)
(a) X2 —6Xx+2=0 (€) jizdxzjlx—zdx
—(—6) 3X 3
() a+p=—->"=6 4
1 :l(x_]+c
3\ -1
.. 2
(ii) aﬂ:IZZ :—i+C
3X
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Question 3

(@)  $3,$3.5, $4, ... is an arithmetic sequence
witha=3andd = 0.5

(i) T,=a+(n-1)d wheren=25
T,s =3+(25-1)x0.5
=15

. the 25" floor will cost $15 million

(i) S, :%[2a+(n—1)d] where n = 119

& 2x3+(110-1)x0.5
O 2xs+(110-1)

=3327.5

S110 =

.. the 110 floors will cost $3327.5 million

(b) S =(3,2) and the directrix is y = -4
" the parabola is concave up

2a=2-(-4)
=6
a=3
.V =(32-3)
~(3-1)

(c)(i) y-intercept of 3x+4y—-12=0 occurs when
x=0:
s 4y-12=0
y=3
.B=(0,3)

using m = _A
B
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3 4
NOW ml1 X ml2 = _ZXE

=1
1L,

Gii) d - | Ax, + By, +C|
where A=3,B=4,C=-12and
(Xl’ yl):(o’ O)

_ d_|0+o—12|
S e
12

5

12

(iv) OE === (OE L AB)

OoB=3 from (i)

. OB? =0OE? + BE?
_ 144

by Pythagoras

9 +BE?

(BE>0)

(V) AreaABOE:%xBExOE
1 9 12

=—X—X—

2 5 5
=2.16

-, the area is 2.16 unit®

Question 4
d( x (sinx)(1)—(x)(cosx)
@ ax\si = —
x \ sin x sin“ x
by the quotient rule
_ sinX—XCos X
~ sin?x



3

(b) f %dx=5[ln X

e

=5Ine®*-5Ine
=15Ine-5Ine
=10Ine

=10

but Ine=1

(c) d—y=6x—2 through (-1,4)

dx
6X°
=—-2x+C
y=—--2x+
y=3x"-2x+C
sub (-1,4): 4=3(-1)"-2(-1)+C
4=5+C
C=-1
L y=3x*-2x-1
@@ y=v9-x’
1
y=(9-x)
%:%(g—x) (=2x) by the chain rule
X
9-x?

(ii) J\/ﬁ X = GJ \/ﬁ
:—6\/9——X+C

(e)  Theregion below y=4-x* is y<4-x

The region below y =|x|-2 is y>|x|-2

The shaded region is where
y<4-x* and y>|x|-2

Question 5

(@)  27,54,108, ...
a=12andr=2

IS a geometric series with
(i) n=12and T, =ar"*

o T, =27(2)" =55296
.. there are 55 296 members on Day 12
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(i) Now T, >10000000
ar"* >10000000
27(2)"" >10000000
(2)+ » 10000000
27
(n 1) In 2> In (10000000)

10000000
In ( ° )

In2
In (10023000)
In2
n>19.49.....
. it will occur on Day 20

n-1> as In2>1

n> +1

(b)(i) P(red on Monday)=

gllw

(if) As there are 3 red shirts and only 2 yellow,
the colour worn on 3 days must be red.

P (same colour on 3 days) _3.2,1
5 4 3
_1
10
(iii) There are 2 possible scenarios:
RYR or YRY
P (not same colour on consecutive days)
=P(RYR)+P(YRY)
_3.2.2,231
5 4 3 5 4 3
1 1
=—4—
5 10
_3
10
(©)
t 0 5 10 15 20

Vv 173 | 81 | 127 | 195 | 168
weight | 1 4 2 4 1

[ vdt =12[173+4(8) + 2(127) + 4(195) + 168]
— 28312

.. the jogger travels approximately 2832 m
i.e. about 2.8 km (2 sig. fig)



Question 6

(@)

E D P

360°

()  ZCDP=

(exterior £ regular pentagon)
.. ZCDP=72°

(i) ZPCD =T72° (exterior £ regular pentagon)
ZCPD =(180-2x72)° (£ sum of APCD)

=36°
Now CD =ED (ABCDE regular)

. Z/CED=ZECD
(base angles of isosceles triangle EOD)

2/CED=72°

/CED =36°
=/CPD (from above)

. AEPC is isosceles (2 equal angles)

(exterior £ of AECD)

Now PA?+PB? =40
g (x+1)2 +y° +(x—3)2 +y> =40
X2+ 2X+1+ Y +X° —6x+9+y* =40
2x° —4x+2y* =30
X* —2x+y? =15
X —2x+1+y*=15+1
(x—1)2+y2 =16
Which is a circle with centre (1,0)
and radius 4.

(b)

©) () AtP,x=0 . y=2c0s0=2
. P=(02)

(i) J 2cosxdx = {Zsin x}
0 0

=2sinZ-2sin0
=2
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(iii) C

(iv) Area =A+B+C (note Area B>0)
=4A
=4(2)
=8

2z
(V) J 2cosxdx =—AreaB+ Area A

=—4+2
=-2

Question 7

(@)

f(x)=x"-3x+2
f'(x)=3x*-3
f"(x)=6x
Stationary points occur when f'(x)
5 3x*=3=0
x*-1=0

(i)

=0

~. (1,0) is a local minimum and

(-1,4) is a local maximum

(i)

-1,4) A

(1,0) X




Xx=8-8e"
(i) Whent=0: x=8-8"=0
. it is initially stationary

(b)

(i) x=-2(-8")
. X=16e7
Now e >0 forallt>0
s 16e >0 forallt>0

.. the acceleration is always positive
forall t>0.

(iii) The particle starts at rest and is acted upon
by an acceleration of 16 ms™. This moves it
in the positive direction. As the subsequent
acceleration is always positive, the particle
will continue to move in this direction with
ever increasing velocity.

(iv) Ast >, €2 >0

;. 8-8*>8

i.e. the velocity approaches 8
v) v

A

84

Question 8

(@)(i) 22°=20%+x*—2x(20)cos60° (cos rule)
222 =20° +x* —40x(%)
484 = 400 + x* — 20X
. x> —20x-84=0

(i) Using the quadratic formula:
20+,/(—20)° - 4(1)(-84
_ 20:(-20)" ~4(1)(-84)
2
= ZOiT /736 but x >0 as it is a distance
_20++/736
2
=23.564....

.. the distance is 24 km to the nearest kilometre
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(b)() V =z x dy

3 7h?
2
(ii) Vipeer =727’ where r = HC; h=OH
AtC: y=h = x*=h
x=+/h asx>0
~HC=+h
2
chlinder = ﬁ(\/ﬁ) h
= 7h?
. Vparaboloid — ng
chlinder ﬂhz
_1
2

(b)(1) 6% pa = 0.5% per month = 0.005

)420

The first $100 grows to $100(1.005
The second $100 grows to $1OO(1.005)419
The third $100 grows to $1OO(1.005)418

The last $100 grows to $100(1.005)

420

P =100(1.005) +100(1.005)" +...+100(1.005)

a(r"-1
:M where a=100(1.005)

r-1
r =1.005
n=420
100(1.005)((1.005) ™ -1)
- 1.005-1
—143183.83...

. $P = $143 183 to the nearest dollar



(i) (1) In ABCF and ADEF

A =(29227+M)(1.005) 1. /BCF = /FDE (alternate BC || DE)
A, =(A+M)(1.005) 2. /BFC =«DFE (vertically opposite)
.. ABCF ||| AEDF  (equiangular)
= (29 227+ M )(1.005)+ M (1.005) BC BF N L
.. —— =——(matching sides of similar triangles)
A ED EF
—29227x1.005% + M (1.005)° +M (1.005) | . 1_BF
2 EF
-, A, =29227x1.005” + M (1.005+1.005° ) . BE:FE<1:2

(2) 2
. t 1
Ao = 29227x1.005™ + M (1.005 +1.005° +...+1.005*) | (0)(1) Flow A—Flow B =2+-—-— [1+—j

t+1 t+1
» [1.005 (1.005** —1)] 21
800000 = 29227 x1.005™ + M e
1.005-1 t+1 t+1
1.005(1.005* 1) Ct+l+t? -1
M = 800000 — 29 227 x1.005 T i
1.005-1
Ct+t?
M (201(1.005* ~1)) = 800000 — 29 227 x1.005*° t+l
(ooos” -3))=omono- 22211 (e
~ 800000 — 29227 x1.005™* Y]
201(1.005™ -1} _t
~1514.48 (2 dp) ~. the flow rate differs by t litres per
minute

.. she needs to invest $1514.48 each month
. . . adv
(i) The change in volume is m =t

Question 9 sV :j: tdt
(@)() In AABC and AADE e
AB 1 . o =15
1. —== (B is the midpoint) 0
AD 2 16
2. ZAis common :?_0
AC 1 ¢ is the midpoint) =8
AE 2
. AABC ||| AADE ~. there is 8L more liquid A than liquid B
(2 sides in proportion and the included
angle equal) (c)
N
. AB AC . ab
ii — == iven s
(i BD CE @ ) i

.. BC||DE (ratios are preserved)

e / <
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(@)

(i)

1 1 n-in+
Jn+dnel Jn+dn+l Jn—n+
_Jn—vh+i

n—(n+1)

RNy

n-n-1

R
T

o

(R

Koz Jeis a7 Jos aioo

() ()
() - )
i

=10-1
=9

Question 10

(@)
(i)

(i)

I — 10712 > eO 1L

Now L =110

| =10 x

= 5.987...><10*8
=6.0x10°

0.1(110)

(2 sig. fig.)
~. the intensity is about 6.0x10® watt/m?

| >8.1x107°
. 10 xe*"t >8.1x10°°
' >8.1x10°
- > 8100
Ine®* >1n8100
0.1LIne >1In8100
0.1L >In8100

In8100

0.1
L >89.996...

but Ine=1

L>

.. about 90 decibels
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(iii) Let the original loudness be K.

Then the original intensity is
| =107 x e

When the intensity doubles,
| =2(10% xe**)

We need the value of L at this intensity

(10—12

0.1L

=1
2(e” )
2=

2_eo1L 0.1K

In 2 — In e0.1L—0.1K

In2=(0.1L-0.1K)Ine
IN2=0.1(L-K)
In2

—C-L-K
0.1

L-K =10In2
=7
.. the increase is about 7 decibels

(b)(i) Let the length of the arc be |.

l=rl
P=1+2r
P=ro+2r
P=r(6+2) asrequired

.. 1

i) A==r%

(ii) >
But P=

as required



iy L_lp o
dr 2
2
TA_,
dr

Max/min occurs when 3—A =0
r

1P—2r:0
2

lP:2r
2

r:EP
4

d?A

>-=—-2<0 = amaxoccurs
r

Then

.. the area is maximised when r = % P

(iv) Now H=E—2
r

i
P
-2

- when r:%P: 0= -2

Il
N D e

.. the angle is 2 radians

(v) Forthe areato exist, >0
—P -2>0
r
P > 2
r

P>2r

P
r<—
2
But in a circle, the greatest possible angle
is2x
E— 2<2r
r

E<27r+2
r

$< 2(7+1)

P<2r(z+1)

P

721
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Combining these two restrictions gives

<r <E
2(z+1) 2

as required

End of solutions





